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A model for Self-Propelled diffusions

Space-homogeneous case

Space-homogeneous case ft = ft(v)

∂t ft = −G(M1(t))∂v ft + ∂v (vft) + σ ∂vv ft(v)
where

M1(t) :=
∫
R

v ft(v)dv .

I Cumulants

Cn(t) =
dn

dλn log
(∫

eλv ft(v)dv
) ∣∣∣

λ=0

I E.g. C1(t) = M1(t) , C2(t) = M2(t)−M2
1 (t) etc

Cn = Mn −
n−1∑
j=1

(
n − 1
j − 1

)
MjCn−j .

I You can close an incredibly simple equation on the cumulants

Ċn(t) = −nCn(t) for n ≥ 3 .
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A model for Self-Propelled diffusions

Space-homogeneous case

I Entropy functional

S(f ) :=
∫
R

dv
[
f (v) log f (v) +

v2

2σ
f (v)

]
+

1
σ

V (M1(t))

where V ′(u) = −G(u).

I Exponentially fast convergence

S(ft |f∞) := S(ft)− S(f∞)→ 0 as t →∞ ,

where f∞ = µ±, depending on whether M1(0) is ±.
I Exponential decay comes with a rate
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A model for Self-Propelled diffusions

Space -inhomogeneous case

Non-homogeneous case

I Existence and uniqueness not obvious - but done

I Convergence of the particle system to the PDE

I Sources of problems
I The space-homogeneous measures µ± and µ0 are still stationary

solutions but in general can’t prove they are the only ones non
reversibility!!!

I however results when ϕ is a perturbation of the identity

I Entropy functional yet to be found
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A model for Self-Propelled diffusions

Space -inhomogeneous case

A formal calculation

I Stationary equation

v∂x f + G(M(x))∂v f = ∂v (σ∂v f + vf )

I
∫
Rf (x , v) v dv = α i.e. the local average velocity does not depend

on x ; to fix ideas let α > 0.
I Suppose ϕ = 1 + λψ, with ψ bounded, 0 < λ� 1,

∫
ψ(x)dx = 0

I Suppose

f (x , v , λ) =
∞∑

n=0

fn(x , v)λn .

Then
f0 = µ+ and fn = 0 ∀n ≥ 1 .
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