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McKean-Vlasov SDE

On r0,T s, T ą 0,

Xt “ X0 `

ż t

0
bps,Xs , µsqds `

ż t

0
σps,Xs , µsqdBs , X0 P L2,

B is a B.M.

ë Dynamic feels current state in physical space as well as its statistical distribution

ë Sometimes called “distribution dependent” / “non-linear” / “mean-field” - SDE

‚ Law given as the solution of non-linear Fokker-Planck equation (distributional sense)

Btµt ` divpµtbpt, ¨, µtqq ` r1{2sD2`µtσσ
˚pt, ¨, µtq

˘

“ 0, µ0 “ rX0s

‚ Gives the asymptotic (N Ñ `8) dynamic of one particle interacting in mean field
$
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s , µ
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s qdBi

s , i “ 1, . . . ,N,

µN
s “ N´1

N
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i“1
δX i

s
, X i

0 „ X0

ë Popular for (e.g.) applications/connection in/with MFG, ANN
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A MKV- SDE - well posedness

On r0,T s, T ą 0,

Xt “ X0 `

ż t

0
bps,Xs , µsqds `

ż t

0
σps,Xs , µsqdBs , X0 P L2,

B is a B.M.

‚ Cauchy-Lipschitz theory :

ë Sensitive : two unknowns (position/distribution)

‚ Need to suitable choice of space and metric :

ë space is Rd ˆ P2pRd q

ë metric is p| ¨ ´ ˝ |,W2p¨, ˝qq

PppRd q “

"

µ P PpRd q, s.t.
ż

| ¨ |pdµ ă 8
*

, p ě 1

Wppµ, µ
1q “ inf

π, coupling of µ,µ1

"
ż

|x ´ y |pdπpx , yq
*

p ě 1

ď Er|X ´ X 1|ps, X „ µ, X 1 „ µ1

‚ W.P. (D! path and law) for Lipschitz coefficients on Rd ˆ P2pRd q



MKV-SDE : ill vs well - posedness

‚ Beyond Cauchy-Lipschitz theory ù hard !

ë Analogy with classical setting (Stroock&Varadhan M.P.’s theory / Zvonkin’s theory)

piq C.E. 1 (Sheutzow)

ë Xt “ X0 `
şt
0 ErbpXsqsds, b locally Lipschitz (even bounded !) ù may be ill-posed

ë “relies on summation of local-Lipschitz constant over supptµu”

piiq E. (Shiga and Tanaka) ù extensions (Jourdain - Mishura&Veretennikov - Lacker - Röckner
& Zhang)

ë Xt “ X0 `
şt
0 ErbpXsqsds ` Bt , b bounded locally Lipschitz (even only bounded !) ù D!

ë ù (drift continuous +bounded & Lip TV +diffusion linear & ą 0)

ë Noise may help ?

piiiq C.E. 2 (Delarue)

ë Xt “ X0 `
şt
0 bpErXsqsqds ` Bt , b bounded (even Hölder !)

ù may have several solutions !

ë relies on ill posedness of 9xt “ bpxtq

‚ Finite dimensional noise to smooth infinite dimensional variable ù tricky smoothing
properties ù need to investigate associated PDE



‚ W1pµ, νq “ sup
"ˇ

ˇ

ˇ

ˇ

ż

hdµ´
ż

hdν
ˇ

ˇ

ˇ

ˇ

, }h}Lip ď 1
*

(Kantorovitch)

‚ TVpµ, νq “
1
2

sup
"ˇ

ˇ

ˇ

ˇ

ż

hdµ´
ż

hdν
ˇ

ˇ

ˇ

ˇ

, }h}8 ď 1
*

“
1
2
}pµ ´ pν}L1

ë K compact subset of Rd ,

µ, ν P P2pKq, W1pµ, νq ď diampKqTVpµ, νq

ë For coefficients cpµq “
ş

ϕdµ ù no need of regularity on ϕ to be Lipschitz in TV.
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MKV & Mean Field SDE- Chaos propagation

Recall that on r0,T s, T ą 0,

Xt “ X0 `

ż t

0
bps,Xs , µsqds `

ż t

0
σps,Xs , µsqdBs , X0 P L2,

B is a B.M. gives asymptotic (N Ñ `8) dynamic of one particle interacting in mean field

X i
t “ X i

0 `

ż t

0
bps,X i

s , µ
N
s qds `

ż t

0
σps,X i

s , µ
N
s qdBi

s , i “ 1, . . . ,N, µN
s “ N´1

N
ÿ

i“1
δX i

s

‚ Coefficients Lipschitz on Rd ˆ P2pRd q ù propagation of chaos at the level of path
(Sznitman) :

X̄ i “ MKV-SDEpX i
0,Bi q, Ersup

tďT
|X̄ i

t ´ X i
t |
2s ď N´1

‚ Coefficients Lipschitz on Rd ˆ P2pRd q ù propagation of chaos at the level of semigroup
(Carmona-Delarue) :

@ smooth φ Ersup
tďT

|φpµN
t q ´ φpµtq|s ď N´1{pd_2q (up to log for d “ 2)

‚ Coefficients continuous, bounded on Rd ˆ P2pRd q + Lipschitz in TV + σ ą 0 & “linear”
ë propagation of chaos in TV between k-uplet - no rate - (Lacker)

ù Noise restores propagation of chaos ? ù Need to investigate smoothing properties



McKean-Vlasov SDE - associated PDE

On r0,T s, T ą 0,

Xt “ X0 `

ż t

0
bps,Xs , µsqds `

ż t

0
σps,Xs , µsqdBs , X0 P L2,

B is a B.M.

‚ Search for generator L

ë Solution pX , µq is Markov on Rd ˆ P2pRd q

ë Exists measurable map u : r0,T s ˆ Rd ˆ P2pRd q Ñ R s.t.

@ϕ “smooth enough” @t P r0,T s, ErϕpXT , µT q|pXt , µtqs “ upt,Xt , µtq.

‚ Dynamic of u ?
‚ generator should be PDE operator on Rd ˆ P2pRd q

ë Derivative of map along flow of measure ?

ë Itô’s formula on Rd ˆ P2pRd q ?



Differentiability of functions of measure

Let h : P2pRd q Ñ R

(i) Work first on space of signed measure : flat or linear functional derivative
δ

δm
h

ë D continuous function rδh{δms : P2pRd q ˆ Rd Ñ R s.t.

lim
εÓ0

h
`

p1´ εqm ` εm1
˘

´ hpmq
ε

“

ż

δh
δm
pmqpyqdpm1 ´mqpyq

ë defined up to additive constant ù choose
ş

rδh{δmspmqpyqdmqpyq “ 0

(ii) Work with lift h̃ : L2 Ñ R of h : Lions’ derivative Bµh
ë Hilbert structure of L2 ù Fréchet derivative Dh̃pXq “: BµhpµqpXq, lawpXq “ µ

ë D continuous function Bµh : P2pRd q ˆ Rd Ñ R s.t.

φ P L2pµq, lim
εÓ0

h
`

µ ˝ pId` εφq
˘

´ hpµq
ε

“

ż

Bµhpµqpyq ¨ φpyqdµpyq

‚ Example : ϕ smooth. h : µ ÞÑ
ş

ϕdµ ù
δh
δm

“ ϕ, Bµh “ ∇ϕ
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Lion’s derivative stronger notion than flat derivative : give regularity w.r.t. “weaker topology”



Differentiability of functions of measure : links

‚ Under suitable (and reasonable) assumptions

Bµhpµqpyq “ By
δh
δm
pµqpyq

ë Lions’ derivative is gradient

ë Lions’ derivative requires more regularity

‚ Higher order of differentiations :

ë Partial second order L-derivative :

ByBµhpµqpyq “ B2y
δh
δm
pµqpyq

ë Full second order L-derivative :

B2µhpµqpyq “ B2y
δ2h
δm2 pµqpyq



Need for chain rule (« Itô’s formula) on P2 (informal, for diff. proc.)

‚ Choose the correct notion of differentiation ?
ë Need fo Itô’s formula on P2pRd q ù compute rd{dtshpµtq

d
dt

hpµtq

“ lim
hÓ0

1
h
phpµt`hq ´ hpµtqq

“ lim
hÓ0

1
h

ż 1

0

ż

Rd

δh
δm
pµλt qpyqdpµt`h ´ µtqpyq

“ lim
hÓ0

1
h

ż

Rd
E
„

δh
δm
pµtqpX t,x

t`hq ´
δh
δm
pµtqpxq



dµtpxq

“

ż

Rd
Et,x

„

d
dτ

´ δh
δm
pµtqpXτ q

¯

|τ“t



dµtpxq

“

ż

Rd
Et,x

„

bpt, x , µtq ¨ By
δh
δm
pµtqpXtq `

1
2

Trrσσ˚pt, x , µtqB
2
y
δh
δm
pµtqpXtqs



dµtpxq

“

ż

Rd

„

bpt, x , µtq ¨ Bµhpµtqpxq `
1
2
σσ˚pt, x , µtqByBµhpµtqpxq



dµtpxq

‚ Definition of flat derivative pµλt “ λµt ` p1´ λqµt`hq
‚ Markov property ù µt`h “ µt ‹ µt,t`h
‚ Classical Itô’s formula
‚ link between flat and Lions’ derivative
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‚ Choose the correct notion of differentiation ?
ë Need fo Itô’s formula on P2pRd q ù compute rd{dtshpµtq

d
dt

hpµtq

“ lim
hÓ0

1
h
phpµt`hq ´ hpµtqq

“ lim
hÓ0

1
h

ż 1

0

ż

Rd

δh
δm
pµλt qpyqdpµt`h ´ µtqpyq

“ lim
hÓ0

1
h

ż

Rd
E
„

δh
δm
pµtqpX t,x

t`hq ´
δh
δm
pµtqpxq



dµtpxq

“

ż

Rd
Et,x

„

d
dτ

´ δh
δm
pµtqpXτ q

¯

|τ“t



dµtpxq

“

ż

Rd
Et,x

„

bpt, x , µtq ¨ By
δh
δm
pµtqpXtq `

1
2

Trrσσ˚pt, x , µtqB
2
y
δh
δm
pµtqpXtqs



dµtpxq

“

ż

Rd

„

bpt, x , µtq ¨ Bµhpµtqpxq `
1
2
σσ˚pt, x , µtqByBµhpµtqpxq



dµtpxq

‚ Definition of flat derivative pµλt “ λµt ` p1´ λqµt`hq
‚ Markov property ù µt`h “ µt ‹ µt,t`h
‚ Classical Itô’s formula
‚ link between flat and Lions’ derivative



McKean-Vlasov SDE - associated Kolmogorov PDE on P2

On r0,T s, T ą 0,

Xt “ X0 `

ż t

0
bps,Xs , µsqds `

ż t

0
σps,Xs , µsqdBs , X0 P L2,

B is a B.M.
‚ Deduce through Itô’s formula that associated Kolmogorov equation writes

Btupt, µq`
ż

bpt, x , µq ¨ Bµupt, µqpxqdµpxq `
1
2

ż

Trrpσσ˚qpt, x , µqBxBµupt, µqpxqsdµpxq “ 0

ë Well-posedness for smooth coefficients (Buckdahn&Li&Peng -
Chassagneux&Crisan&Delarue - Crisan&McMurray).

‚ Smoothing properties ? ù fundamental solution ? If yes, which regularity ?

‚ Search for a map r0, tq ˆ P2pRd q Q ps, µq ÞÑ ppµ, s, t, zq, pt, zq P r0,T s ˆ Rd s.t.

(i) For every fixed pt, zq P r0,T s ˆ Rd , the map r0, tq ˆ P2pRd q Q ps, µq ÞÑ ppµ, s, t, zq
satisfies

pBs ` Lsqppµ, s, t, zq “ 0 on r0, tq ˆ P2pRd q.

(ii) For any µ P P2pRd q
lim
sÒt

ppµ, s, t, zq “ δz p.q ‹ µ

‚ If it exists, p should be density of the MKV process ! ppµ, s, t, ¨q = dµs,µ
t



McKean-Vlasov SDE - density ?

‚ Consider MKV SDE with σ ą 0

Xt “ X0 `

ż t

0
bps,Xs , µsqds `

ż t

0
σps,Xs , µsqdBs , X0 P L2

‚ Introduce decoupled flow X t,x,µ : SDE frozen along the transport of µ along the flow
pµt,µ

s qtďsďT

X t,x,µ
t “ x `

ż s

t
bpr ,X t,x,µ

r , µt,µ
r qdr `

ż t

0
σpr ,X t,x,µ

r , µt,µ
r qdBs , x P Rd

ë Classical SDE ù admits (transition) density ppt, µ; t, x , s, ¨q
ë Density ppt, µ; t, x , s, ¨q admits parametrix expansion :

ppt, µ; t, x , s, ¨q “ g
˜

ż s

t
pσσ˚qpr , x̃ , µt,µ

r qdr , ¨´x´
ż s

t
bpr , x̃ , µt,µ

r qdr
¸

`Remainder
`

t, µ, ps´tq
˘

ë g is Gaussian kernel ù recovering (usual) smoothing on physical space

‚ Weak D! MKV SDE admits density

ppµ, t, s, ¨q “
ż

ppt, µ; t, x , s, ¨qdµpxqp“ dµt,x
s !q

ë parametrix expansion around Gaussian kernel !
ë Search for regularity in µ : Problem is circular !



MKV SDE - density : regularity in µ variable - building block

Let h : P2pRd q Ñ R with continuous and bounded flat derivative, flow pµ0,µt q0ďtďT given by
unique weak solution of

Xt “ ξ ` Bt , ξ „ µ

‚ Lions’s differentiability of µ ÞÑ hpµ0,µt q ?
ë Writes hpµ0,µt q “ hpµ‹gtq, gt gaussian kernel N p0, tq, take µ, µ1 in P2pRd q :

hpµ0,µt q ´ hpµ0,µ
1

t q “ hpµ‹gtq ´ hpµ1‹gtq

“

ż 1

0

ż

δh
δm
pλµ0,µt ` p1´ λqµ0,µ

1

t qpyqgtpy ´ xqdpµ´ µ1qpxqdydλ

ù Flat derivative is
δ

δm
hpµ0,µt qpxq “

ż

δh
δm
pµ0,µt qpyqgtpy ´ xqdy

‚ pµ, xq ÞÑ rδh{δmspµqpxq jointly continuous and bounded

ë Recovering spatial smoothing : x ÞÑ
δ

δm
hpµ0,µt qpxq is smooth !

ù h Lions’ differentiable (first and second order partial derivative) ù sufficient for chain
rule !

ù First and second derivatives blow up at rate resp. t´1{2 and t´1 ! ù second order
possibly too coarse !



MKV SDE / smoothing of MKV semigroup - zoology
Let h : P2pRd q Ñ R, flot pµ0,µt q0ďtďT given by unique weak solution of

dXt “ dBt , X0 “ ξ „ µ

‚ Regularization by smooth flow of probability measure : µ ÞÑ hpµq “only” flat differentiable
with bounded and continuous flat derivative :

ù µ ÞÑ hpµ0,µt q L-differentiable (first and partial 2nd order !), blow up at resp. t´1{2 and t´1

ù µ ÞÑ hpµ0,µt q now Lipschitz w.r.t. d1 where

dηpµ, νq “ inf
π coupling

ż

t|x ´ y |η ^ 1udπpx , yq, η P p0, 1s

ë weakining of the topology : from TV to d and hence Wasserstein !

‚ Assume in addition x ÞÑ rδh{δmspµqpxq is η-Hölder continuous :

ë h is now Lipschitz for dη
ù µ ÞÑ hpµ0,µt q L-differentiable (first and partial 2nd order !), blow up at resp. t´p1`ηq{2
and t´1`η{2

ë singularity is now integrable !

ë µ ÞÑ hpµ0,µt q now Lipschitz w.r.t. d1 (and Wasserstein 1-2) weakining of the topology
‚ Previous (partial) results on smoothing by Banos - CdR - McMurray - Crisan&McMurray



MKV SDE - smoothness of density

‚ Consider MKV SDE with σ ą 0, coefficients admit twice bounded continuous flat derivative
+ first and second flat derivatives Hölder continuous in space

dXt “ bpt,Xt , µtqdt ` σpt,Xt , µtqdBt , X0 P L2

dX s,x,µ
t “ bpt,X s,x,µ

t , µs,µ
t qdt ` σpt,X s,x,µ

t , µs,µ
t qdBt , X x,µ

0 “ x P Rd

ppt, µ; t, x , s, ¨q “ g
˜

ż s

t
pσσ˚qpr , x̃ , µt,µ

r qdr , ¨ ´ x ´
ż s

t
bpr , x̃ , µt,µ

r qdr
¸

` R
`

t, µ, ps ´ tq
˘

‚ MKV SDE admits density ppµ, t, s, ¨q “
ż

ppt, µ; t, x , s, ¨qdµpxqp“ dµt,x
s !q

‚ Handle circular problem through Picard procedure :
ë

 `

pµt,µ
s qtďsďT

˘`(

`ě0 through Picard iteration on MKV-SDE initialized at ν ‰ µ

ë pp`q`ě0 corresponding decoupled flow ù L-differentiability at step `` 1 ù diff. +
smoothing for flow at step `` 1...

ë Uniform control + equicontinuity ù converging subsequence through compactness

‚ ppt, µ, s, x , yq and ppt, µ, s, yq smooth in all variable + Gaussian type bounds

ë Blow up smoothed by η{2 for L-derivative



From smoothing to W.P. for non-degenerate MKV - SDE - use of D of
density
On r0,T s, T ą 0,

Xt “ X0 `

ż t

0
bps,Xs , µsqds `

ż t

0
σps,Xs , µsqdBs , X0 P L2,

B is a B.M.

‚ Correct framework seems to be coefficients with bounded and continuous flat derivative
(possibly need of Hölder regularity in space and for flat derivative) ù no results in that
direction

‚ Idea : use existence of density and parametrix expansion (order 1)
ë Space “ tP P Cprs,T s,PpRd q,Ppsq “ µ,Pptq with density p,TV u
ë Compute rδ{δmsp and show it is bounded
ë Derive Lipschitz in TV ù fixed point procedure converges
ù Need for Hölder continuity for σσ˚ to handle remainder of parametrix expansion !

‚ Result Under these assumptions D! weak sol of MKV-SDE
ë Work for bounded drift Lipschitz in TV
ë Gives strong D! asa σ Lipschitz in space



Examples

On r0,T s, T ą 0,

Xt “ X0 `

ż t

0
bps,Xs , µsqds `

ż t

0
σps,Xs , µsqdBs , X0 P L2,

B is a B.M.

ù Weak W.P. for
‚ M order interaction hpt, x , µq “

ş

ϕpt, x , z1, . . . , zMqdµpz1q . . . dµpzMq

ë ϕ measurable and bounded + η-Hölder continuous

‚ Scalar interaction hpt, x , µq “
ş

ϕ
´

t, x ,
ş

ϕ1dµ, . . . ,
ş

ϕMdµ
¯

ë ϕ measurable and bounded, z ÞÑ ϕpt, x , zq Lipschitz + x ÞÑ ϕpt, x , zq η-Hölder
ë ϕi measurable and bounded + η-Hölder continuous

‚ Polynomial on Wasserstein space hpt, x , µq “
śN

i“1

”

ş

ϕi
`

t, x , z
˘

dµpzq
ı

ë ϕ measurable and bounded + η-Hölder continuous
+Lipschitz in space ù Strong W.P.



MKV SDE - (back to) associated Kolmogorov PDE on P2

On r0,T s, T ą 0,

Btupt, µq `
ż

bpt, x , µq ¨ Bµupt, µqpxqdµpxq `
1
2

ż

Trrpσσ˚qpt, x , µqBxBµupt, µqpxqsdµpxq “ 0

Coefficients are bounded and η-Hölder in space and (twice) flat differentiable with bounded
η-Hölder continuous derivative
‚ Result The backward Kolmogorov equation admits a unique fundamental solution

ppµ, s, t, zq which writes

ppµ, s, t, zq “
ż

ppt, µ, s, x , t, zqdµpxq

and (first and partial-second) L-derivatives admit Gaussian type bound with blow up at
resp. t´p1`ηq{2 and t´1`η{2

‚ Result Cauchy problem associated with backward Kolmogorov equation admits classical
solution

upt, µq “ φpµt,µ
T q `

ż T

t
fps, µt,µ

s qds

for any flat differentiable with bounded and Hölder continuous derivative source term and
any bounded with continuous and bounded flat differentiable terminal condition



MKV SDE - (back to) associated PDE on Rd ˆ P2

dXt “ bpt,Xt , µtqdt ` σpt,Xt , µtqdBt , X0 P L2

dX s,x,µ
t “ bpt,X s,x,µ

t , µs,µ
t qdt ` σpt,X s,x,µ

t , µs,µ
t qdBt , X x,µ

0 “ x P Rd

Coefficients are bounded and η-Hölder in space and (twice) flat differentiable with bounded
η-Hölder continuous derivative
‚ Solution pX , µq is Markov on Rd ˆ P2pRd q

ë generator L acts on Rd ˆ P2pRd q ù L = L` L
‚ Search for dynamic of upt,Xt , µtq “ ErϕpXT , µT q|pXt , µtqs

ë use decoupled flow upt, x , µq “ ErϕpX t,x,µ
T , µt,µ

T qs + Markov + Itô to derive

pBt `L qupt, x , µq “ 0, upT , ¨, ¨q “ ϕ

‚ Result The Cauchy pb associated with L with data pf, ϕq admits a unique classical solution

upt, x , µq “ ErϕpX t,x,µ
T , µt,µ

T q `

ż T

t
f ps,X t,x,µ

s , µt,µ
s qdss

for bounded with bounded flat differentiable terminal condition and bounded and Hölder
with bounded and Hölder flat differentiable source term
ë works for unbounded t.c. and source provided suitable exponential growth in space and
quadratic in µ
ë works for source locally Hölder (space + flat derivative)



From PDE to Prop of chaos - path level
Recall that on r0,T s, T ą 0,

Xt “ X0 `

ż t

0
bps,Xs , µsqds `

ż t

0
σps,Xs , µsqdBs , X0 P L2,

B is a B.M. gives asymptotic (N Ñ `8) dynamic of one particle interacting in mean field

X i
t “ X i

0 `

ż t

0
bps,X i

s , µ
N
s qds `

ż t

0
σps,X i

s , µ
N
s qdBi

s , i “ 1, . . . ,N, µN
s “ N´1

N
ÿ

i“1
δX i

s

‚ Restore propagation of chaos, idea
ë Assume that σ is (in addition) Lipschitz in space, X0 admit moment of order q ą 4
ëTake u sol of pBt `L qu “ b, uT “ 0
ë Compute Zvonkin’s transform of X i

t and X̄ i
t “ MKV-SDEpX i

0,Bi q

ù require to control second L-derivative B2µ ! ù need to work with Picard
approximation !
ë Compare path

‚ Result. Under assumptions for PDE on Rd ˆ P2pRd q + Lip. diff. and moment one has

Ersup
tďT

|X i
t ´ X̄ i

t |
2s ď N´2{pd_4q, pup to log for d “ 4q



From PDE to Prop of chaos - density level
Recall that on r0,T s, T ą 0,

Xt “ X0 `

ż t

0
bps,Xs , µsqds `

ż t

0
σps,Xs , µsqdBs , X0 P L2,

B is a B.M. gives asymptotic (N Ñ `8) dynamic of one particle interacting in mean field

X i
t “ X i

0 `

ż t

0
bps,X i

s , µ
N
s qds `

ż t

0
σps,X i

s , µ
N
s qdBi

s , i “ 1, . . . ,N, µN
s “ N´1

N
ÿ

i“1
δX i

s

‚ pointwise propagation of chaos, idea
ë p1,N : marginal density of the first interacting particle
ë Take p fundamental sol of Kolmogorov PDE and test against µN through Chain rule on
P2

ë Use fact that p is fundamental solution
ù require to control second L-derivative B2µ ! ù need to work with Picard
approximation !
ù leads to |pp1,N ´ pqpµ, 0, t, zq| ď |ErppµN

0 , 0, t, zq ´ ppµ, 0, t, zqs| ` Remainder
ë Conclusion thanks to regularity on p

‚ Result. Under assumptions for PDE on P2pRd q one has

|pp1,N´pqpµ, 0, t, zq| ď
K
N

#

1

t
1´η
2

ż

Rd
gpct, z ´ xq|x |dµpxq `

1
t1´

η
2

ż

Rd
gpct, z ´ xqdµpxq

+

ë First order expansion through additional assumptions



From PDE to Prop of chaos - semigroup level
Recall that on r0,T s, T ą 0,

Xt “ X0 `

ż t

0
bps,Xs , µsqds `

ż t

0
σps,Xs , µsqdBs , X0 P L2,

B is a B.M. gives asymptotic (N Ñ `8) dynamic of one particle interacting in mean field

X i
t “ X i

0 `

ż t

0
bps,X i

s , µ
N
s qds `

ż t

0
σps,X i

s , µ
N
s qdBi

s , i “ 1, . . . ,N, µN
s “ N´1

N
ÿ

i“1
δX i

s

‚ propagation of chaos, idea
ë Take U sol of Kolmogorv PDE and test against µN through Chain rule on P2

ë Use fact that U solves Kolmogorov PDE on Wasserstein space
ù require to control second L-derivative B2µ ! ù need to work with Picard
approximation !
ù leads to |pUpt, µN

t q ´ Upt, µq| ď |ErUp0, µN
0 q ´ Up0, µ0s| ` Remainder « C

N
ë Conclusion thanks to regularity on U

‚ Result. Under assumptions for PDE on P2pRd q one has, for all φ in C 2
b,α

Er|φpµN
T q ´ φpµT q|s ď CT

´1`α
2 W1pµ0, µ

N
0 q, |ErφpµN

T qs| ´ φpµT q| ď CT´1`α
2

C
N

ë First order expansion through additional assumptions

ë Works for φ “
ş

ϕdµ with ϕ measurable and bounded only !



From PDE to Prop of chaos - semigroup level
Recall that on r0,T s, T ą 0,

Xt “ X0 `

ż t

0
bps,Xs , µsqds `

ż t

0
σps,Xs , µsqdBs , X0 P L2,

B is a B.M. gives asymptotic (N Ñ `8) dynamic of one particle interacting in mean field

X i
t “ X i

0 `

ż t

0
bps,X i

s , µ
N
s qds `

ż t

0
σps,X i

s , µ
N
s qdBi

s , i “ 1, . . . ,N, µN
s “ N´1

N
ÿ

i“1
δX i

s

‚ propagation of chaos, idea
ë Take U sol of Kolmogorv PDE and test against µN through Chain rule on P2

ë Use fact that U solves Kolmogorov PDE on Wasserstein space
ù require to control second L-derivative B2µ ! ù need to work with Picard
approximation !
ù leads to |pUpt, µN

t q ´ Upt, µq| ď |ErUp0, µN
0 q ´ Up0, µ0s| ` Remainder « C

N
ë Conclusion thanks to regularity on U

‚ Result. Under assumptions for PDE on P2pRd q one has, for all φ in C 2
b,α

Er|φpµN
T q ´ φpµT q|s ď CT

´1`α
2 W1pµ0, µ

N
0 q, |ErφpµN

T qs| ´ φpµT q| ď CT´1`α
2

C
N

ë First order expansion through additional assumptions
ë Works for φ “

ş

ϕdµ with ϕ measurable and bounded only !



Thank you !


