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Outline:

® \Why we want a Deep GP (2 reasons)



Why we might want a DGP
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What's wrong with deep learning”

® Bag of tricks (often) necessary

® No (calibrated) uncertainty

® Black-box (sometimes) not acceptable

® \\V\eakness to adversarial attacks



Ambition:

® \Vin at deep learning tasks
using fully Bayesian methods

® (Get accurate uncertainty,
adversarial robustness,
principled model training and
model selection etc

Not quite there yet...




Fundamental trade-oft”/

David Silver [Deep Learning Indaba 2018]:

® “[rust in experience as the sole source
of knowledge”

® “| carning from experience always wins
In the long run”

He is (probably) right

BUt aSymptOtiCS aren:t (alwayS) What we At last — a computer program that

can beat a champion Go player PAGE484

care about ALL S YS TEMS GU




A personal view:

Two extremal options:
® The success of deep learning is evidence that we have infinite data

® [he success of deep learning is attributable to a magically effective inductive
bias

The truth is likely to lie somewhere between

® [o do well in modern deep learning tasks, Bayesians need the think about both




Why aren’t we there yet”

® Not sufficiently *scalable

® |nsufficient understanding of
probabilities in high dimensions

d(performance)
d(resource)

* scalability =




Outline:

® \Why we want a Deep GP (2 reasons)



Why we might want a DGP (2
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https://youtu.be/ImGAdhmTysk
https://youtu.be/q_DbN5jPJAk
https://youtu.be/KRwDPajDsvI
https://youtu.be/k8gRo7y19wU
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What it we want to
consider both?

fdds




A Deep GP posterior
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Ambition:

®orm covariances hierarchically

® Get ‘GP-like’ behaviour, but allow more
flexibility in the prior




Outline:

® The Deep GP model



Key idea: form complex covariances with

stationary kernels and input warping functions
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https://youtu.be/kKaU5BU3AGc
https://youtu.be/q_DbN5jPJAk
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https://youtu.be/RWis8f8pBFs
https://youtu.be/LZ6SHRs7NZ0

To build a Deep GP:

Yn ™~ N(f(g(xn));o_z)
f ~ gp(mlvkl)



To build a Deep GP:

Yn ™ N(f(g(xn))a 02)
f ~ gp(mla kl)
g ~ GP(ma, ko)



Vlioqel

yn ~ N (f(g(zn)), %) () (9
f ~ GP(my, k1) al
g~ GP(mo, ko) o @
ml(a:) = X
meo(x) =0

k1, ko stationary RBF kernels
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Outline:

® |nference in the Deep GP



Variational Inference

Fundamental identity for variational inference:

0g (1) = By ey log “ 2 20 ca(a(2) (1)
A N ——  — 4

VI objective (‘ELBO’)

|

Fixed Maximize Minimize




Model:

yn ~ N(f(g(xn)),0°)
f~ GP(ma, ki)
g~ GP(ma, ks)

The VI identity in our case:

Dyl f,9)p(Fp(g);

log p(y) = E g) log
W) = Eu(s9 q(f. 9)

V1 objective (‘ELBO’) ’

-------------------------------------------------------------------------------------------------------------------

FKL(q(f, 9)|lp(f,9ly))



ELBO = Eq(f)q(g) 108

ELBO =

ELBO = ﬂq(f,g) log

p(|f,9)p(f)p(g)

Assumption 1 of 3

q(f,9)

a(f,9) = a(f)a(g)

1L, p(ynlzn, f,9) p(f)p(9)

Data terms

ﬂq(f)q(g) logp(y'n |xn: f: Q)

q(f)a(g)

KL terms

KL(g(f)||p(f))

KL(q(g)||lp(g))




The KL terms:

KL(a(f C F o loe PU)

q(f)llp(f)) a(f) L 8 4(F)

KL(q(f)||lp(f)) = —Eq(y) log P/ f)p(f:)
q(f1f)a(f)







Assumption 2 of 3 Assumption 3 of 3

~

a(f) = p(f|f)a(f) q(f) = N(m, S)

t follows that:  g(g) = GP(u, %2)

With:
u(z) =k(z) 'K 'm
Nz, x') =k(z, ') — k(z) TK™? (K - S) K~ k(z')

(Temporary matrix notation)

NB:

1(9(x)) = N (i(x), S(=, 7))



1he gata terms:

ELBO = ) [Ey(f)4(9) 108 P(Un|Tn, . 9)

KL(q(f)l[p(f))

KL(q(g)||lp(g))

q(£)alg) 108 P(Un|Zn; £, 9)

Lq(£)a(9) 108 D(Yn|f(9(2n)))

(w0 108P(Unl (2), 2= p(wn) + e/ Blwn, zn), €~ N(0,1)



Outline:

® \\Vhy latent variables are important



Noise-free
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What's wrong with this®

‘Epistemic uncertainty’ - uncertainty from lack of data
‘Aleatoric uncertainty’ - uncertainty from from inherent randomness

® GPs only model epistemic uncertainty, or marginal Gaussian aleatoric
uncertainty for noisy kernels (noise = k(x, x) - k(x, x) for limit x->x’)

® |n noise-free case, we rely on epistemic uncertainty to get non-Gaussian
marginals

® Noisy variables cannot be represented by our posterior, so the ELBO
always favours the noise-tfree model



Additive noise
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What's wrong with this®

® |nference is difficult (cannot use inducing points)
® Modelling assumptions not clear (what does the noise mean?)

® Not easy to vary the dimensionality and strength of the noise



Single layer GP with
latent variables

‘Latent variable’ = white noise GP
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Going deeper

-

yn = N (f(g([z, wn])), ‘72)

yn =N (f(g(h([z,wn]))),o?)

-




| atent variables in different
places:




Outline:

® |nference over latent variables



Inference with latent

O © -
Al variables g = Ml
e O (f)p(g)p(w)
p(y) = E [ (ylf, g, w)" ]
® \Mean field for the latent 9 2(f)ag)a(w)
variables log p(y) > Z (A, — KLy, ) — KLf — KL,

® [his is reasonable as they are
a priori iIndependent An =Ef 4w, logp(ynlf, 9, wn)

® \Ve use variational inference or il o Pl
. : L k
|mpor.tance_ weighted p(y) = g‘dw;‘ AZIP(‘/V’ g, W) a(w®) q(Hqlg
variational inference for the
latent variables

N
log p(y ZBn—KLf—KLg
® Subtle modification to use the n=1

final layer analytic results

p(wn’)
B, = ]Elog— p(yn|f, g, w'
f.g:wn Z l )q(wﬁf))




Outline:

® Results



(1) GP (b) CP-GP (¢) LV-GP
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(a) TV-GP, VI (h) LV-GP-GP, VI (¢) LV-GP-GP-GP, VI (d) IV-GP-GP-GP, TW



Model architecture Gp Gp-GP Gr-Ggr-gr LV-GP LV-GP-GI* LV-GP-GP-GP
Importance weighted? - - - X v X v X v
dataset N D

fertility 100 9 -1.56 (0.13) -1.40 (0.13) -1.33 (0.04) -1.27 (0.05) -1.27 [0.06) -1.13 (0.04) -1.21 (0.02] ~-1.13(0.04) -1.19 (0.02)
concreteslump 103 7 1.59 (0.08)  1.87 (0.09) 1.94 (0.09) 1.59 (0.08) 1.58 (D.08) 2.16 (0.16) 1.86 (0.083) 2.08 (0.16) 1.92 (0.09)
autos 159 25 -032(0.05) -266 (0.8 -3.15 (1.03) -0.32 (0.05) -C.33 (0.05) -215(0.81) -3.22(0.86) -1.18(0.24) -1.16 (0.23)
SOrvo 167 1 -0.16 (0.10) -0.12 (0.09)  -0.05 (0.08) -0.03 (0.09) -0.02 (0.09) -0.05(0.09) 0.01 (0.09) -D.05(0.13) 0.05 (0.14)
breastcancer 194 38 -1.35 (0.06) -12.28 (1.77) -23.16 (4.73) -1.31 (0.05) -1.31 [0.05) -1.53 (0.18) -1.69 (0.23) -1.47(0.18) -1.64 (0.22)
machine 200 7 -0.56 (0.05) -0.44 (0.04) -0.47 (0.05) -0.55 (0.05) -0.55 (0.05) -048 (0.05) -0.46 (D.04) -D.50 (0.06) -0.31 (0.05)
yacht 308 6 226 (0.13) 2.59(0.12) 2.59 (0.10] 220 (0.14) 249 (D.16) 258 (0.09) 275(0.08) 265 (010) 274 (0.11)
autorpg 392 7 -0.34 (0.08) -0.35 (0.06) -0.39 (0.10)  -0.27 (0.03) -C.27 (0.08) -0.30 (0.07) -0.24 (0.05] -0.29 (0.07) -0.24 (0.04)
boston 206 13 -0.12 (0.04) -0.10 ?).08] -0.12 ('0.11) -0.12 (0.03; -0.12 :0.03§ -0.04 (0.08) -0.07 (0.06] -D..4 (0.17) -0.10 (0.08)
forest 517 12 -137(0.01) -1.44(0.02) -1.59(0.0¢) -0.50 (0.03) -C.43 '0.09) 0.10(0.12) 0.13(0.11) 0.10(0.11) 0.08 (0.09)
stock 536 11 -0.20 (0.01) -0.19 (D.04) -0.26 (0.05) -0.20 (0.01) -0.20 (0.01) -0.19 (0.D4) -0.17 (D.01} -D.18 (0.05) -0.19 (0.04)
pendulumn 830 9 -0.43 (0.04) -0.06 (D.06)  0.05 (0.07) -0.55 (0.03) -0.55 [0.03) -0.24 (0.07) -0.22 (0.06) -0.15(0.05) -0.25 (0.06)
energy 768 8 1.56 (0.05) 1.58 (0.07) 1.59 (0.07] 1.53 (0.03) 154 (0.06) 1.39 (0.06) 1.9 (0.05) 1.63 0.09) 159 (0.08)
conerete 1030 8 -041 (0D1) -038 (D02) -027(004) -037(001) -037(00L) -037(0D4) -032 (D01} -D.33(0.03) -0.27(001)
solar 1066 10 -1.34 (0.07) -1.31(D.08) -1.34 (0.08) 1.35(0.05) 1.53 (0.04) 2.28(0.13) 2.30 (0.05) 2.03 (0.30) 201 (0.23)
airfoil 1503 5] -0.34 (0.05) 0.05 (0.05) 0.13 (0.02] -0.41 (0.03) -0.39 (0.03) -00! (0.03) 0.01(0.03) C.01 (0.0S; 0.06 (0..')4;
winered 1599 11  -1.14 (0.04) -1.15(0.04) -1.15(00%) -1.13(0.04) -1.13 (004) 1.13(0.23) 1.52(0.17) (.47 (042 2.00 (0.18
gns 2565 128 0.69 (0.(3) 1.02 (0.01) 1.00 (0.02) 0.98 (0.15) 1.02 (0.15) 1.36 (0.(2) 1.42 (0.03) 135 [0.04) 1.44 (0.01)
skillcraft 3338 1¢  -097 (0.01) -0.98 (D.02) -0.93 (0.02) -0.95(0.01) -0.95(0.01) -0.95 (0.01) -0.94 (0.02) -D.95(0.01) -0.94 (0.02)
sml 4137 26 1.04(0.01) 1.39(0.01) 1.42 (0.02) 1.03 (0.01) 1.03 (D.01) 1.35(0.01) 1.33(0.01) 141 001) 141 (0.01)
winewhite 4808 11 -114 (0D0) -113(001) -113(001) -1.14(001) -1.14 (001) -118(0D1) -113(D.01} -1.19(001) -1.12(001)
parkinsons 5875 20 048 (0.01) 0.84 (0.01) 0.88 (0.10) 0.32 (0.05) 047 (0.03) 0.25 (0.06) 0.57 (0.05) 0.64 (0.05) 0.60 (0.06)
KinSnm 8192 3 -0.35 (0.01) -0.07 (D.01)  0.02 (0.01] -0.42 (0.01) -C.40 (0.01) -009 (0.01) -0.05 (0.01} -0.02(0.01) -0.01 (0.0L)
power 9568 4 0.01 (0.(2) 0.04 (0.02) 0.04 (0.02) 0.04 (0.01) 007 (D.02) 0.08(0.01) 0.12(0.01) 0.07(002) 014 (0.01)
naval 11034 14 3.81(0.09) 3.41 (0.03) 3.51 (0.02 3.78 (0.07) 3.7¢ (0.08) 3.33(0.04) 3.28(0.01) 3.48(0.02) 341 (0.02)
pol 150C0 2¢  0.17(0.01) 1.24 (0.03) 1.47 (0.01) 0.10 (0.02) 0.1& (D.03) 1.36 (0.03) 1.65(0.02) 1.61(0.06) 1.90 (0.02)
elevators 16599 1§  -045 (0.00) -0.33(0.01) -0.3510.01) -0.41(0.01) -0.40 (001) -0.31(0.00) -0.29 (D.00) -D.29(0.01) -0.28 (0.00)
hike 17379 17 066 (0.02) 185 (002) 2.36 (0.05) 129 (001) 135 (D01) 274(006) 277(004) 317(008) 307 (0.10)
kin40k 40000 8 -0.27 (0.01)  0.47 (0.00) 1.00 (0.02] -0.41 (0.01) -C.33 [0.00) 0.35 (0.1) 0.42(0.00) 0.75 [0.08) 086 (0.03)
protein 45730 9 -1.13 (0.00) -1.08 (D.00) -L0O6 (0.00) -0.85(0.01) -C.79 [0.01) -073 (0.01) -0.67 (0.00) -0.71(0.01) -0.64 (0.01)
tamielectric 45781 3 -1.42 (0.00) -1.42 (D.00) -1.42 (0.00) -1.28 (0.00) -1.27 [0.00) -1.29 (0.D0) -1.28 (D.00) -1.28 (0.00) -1.27 (0.00)
keggdiracied 18837 20  0.98(0.02) 1.03 (0.02) 1.03 (0.02) 0.97 (0.02) 137 (0.03) 1.13(0.€9) 1.71(0.01) 1.00 [0.04) 168 (0.04)
slice 53500 385 0.35 (0.01) 1.09 (0.02) 1.61 (0.01) 0.41 (0.02) 044 (0.01) 108 (0.01) 1.13(0.01) 1.58 [0.01) 157 (0.02)
keggundirected 63608 27  0.69 (0.00) 0.72 (0.00) 0.73 (0.01) 1.72 (0.02) 1.76 (0.02) 2.27 (0.27) 3.23 (0.02) 2.18 [0.17) 3.25 (0.05)
3dmad 434874 3 <103 (0.00) -093 (0.00) -087 (001) -0.96 (0.0)) -C90 (001) -004 (0D3) -077 (D.01) -D92(0.02) -0.75(0.00)
song 515345 90  -1.21 (0.00) -1.18 (D.00) -1L18(0.00) -1.19 (0.00) -1.18 (0.00) -1.15 (0.00) -1.14 (0.00) -1.14 (0.00) -1.12 (0.00)
buzz 583250 77 -0.26 (0.00) -0.03 (0.00) -0.0L (0.00) -0.27 (0.O1) -C.27 (0.01) 0.01(0.0) 0.02(0.01) 0.03(000) 005 (0.00)
nytaxi 1420068 8 -0.78 (0.00) -0.69 (0.00) -0.68 (0.00) -0.67 (0.01) -0.61 (001) -0.50 (0.00) -0.43 (0.00) -D.49 (0.00) -0.42 (0.0D)
houseelaciric 2016280 11 1.29 (0.01)  1.51 (0.00) 1.51 (0.00} 1.35 (0.04) 143 (0.01)  1.50 (0.00) 1.80(0.00) 1.51 (0.00) 1.79 (0.01)
Median 028 009 -0.09 -0.29 -0.27 000 002 0.02 0045
Median difference from GP 0 0.08 0.10 0.02 0.0& 0.20 0.25 0.22 029

Mean -009 (0.19) -0.23 }0.39] -0.46 (0.69)  0.07 (0.18) 0.11 (0.19) D0.32(0.22) 0.38 50.24) 0.38 ';0.22) 0.49 (0.23)
Mean difference from GP 0(0) -0.14 (0.31)  -0.37 10.63) 0.15 (0.08) 020 (D.08) 0.41 (0.15) 0.47(0.17) 0.47 (0.13) 0.57 (0.15)
Average rank 2.67 (0.35) 4.29 (0.37) 5.04 (0.45) 3.32 (0.36) 4.30(0.36) 5.26 (0.34) 6.62 (0.32) 6.21 [0.32) 729 (0.33)




Model architecture GP GP-GP GP-GP-GP LV-GP LV-GP-GP LV-GP-GP-GF
Importance weighted? - - - X v X v X v
dataset N D Test log likelihoods (standa-d errors)
solar 1066 10 -1.34 (0.07) -1.31 (0.08) -1.34 (0.08) 1.35 (0.05) 1.53 (0.04) 2.28 (0.13) 230 (0.05) 2.03 (0.30) 2.01 (0.23)
winered 1599 11 -1.14 (0.04) -1.15 (0.04) -1.15 (0.05) -1.13 (0.04) -1.13 (0.04) 1.13 (0.23) 152 (0.17) 0.47 (0.42) 2.00 (0.18)
bike 17379 17 0.66 (0.02) 1.85(0.02) 2.36 (0.05) 1.29(0.01) 1.35 (0.01) 2.74 (0.06) 277 (0.04) 3.17 (0.08) 3.07 (0.10)
e ... an additional 36 rows can be found in the supplementary material. ..
Median -0.28 -0.09 -0.09 -0.29 -0.27 -0.00 -0.02 0.02 0.05
Median difference from GP 0 0.08 0.10 0.02 0.05 0.20 025 0.22 0.29
Mean -0.09 (0.19) -0.23 (0.39) -0.46 (0.69) 0.07 (0.19) 0.11 (0.19) 0.32 (0.22) 038 (0.24) 0.38 (0.22) 0.49 (0.23)
Mean difference from GP 0(0) -0.14 (0.31) -0.37 (0.63) 0.15 (0.08) 0.20 (0.08) 0.41 (0.15) 047 (0.17) 0.47 (0.13) 0.57 (0.15)
Average ranks 2.67 (0.35) 4.29 (0.37) 5.04 (0.45) 3.32 (0.36) 4.30 (0.36) 5.26 (0.34) 6.62 (0.32) 6.21 (0.32) 7.29 (0.33)
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(a) solar GP

(b) solar GP-GP

(c) solar LV-GP

(d) solar LV-GP-GP




Model architecture GP GP-GP GP-GP-GP LV-GP LV-GP-GP LV-GP-GP-GF
Importance weighted? - - - X v X v X v
dataset N D Test log likelihoods (standa-d errors)
solar 1066 10 -1.34 (0.07) -1.31 (0.08) -1.34 (0.08) 1.35(0.05) 1.53 (0.04) 2.28 (0.13) 230 (0.05) 2.03 (0.30) 2.01 (D.23)
winered 1599 11 -1.14 (0.04) -1.15 (0.04) -1.15(0.05) -1.13 (0.04) -1.13 (0.04) 1.13 (0.23) 152 (0.17) 0.47 (0.42) 2.00 (0.18)
bike 17379 17 0.66 (0.02) 1.85(0.02) 2.36 (0.05) 1.29 (0.01) 1.35 (0.01) 2.74 (0.06) 277 (0.04) 3.17 (0.08) 3.07 (0.10)
e ... an additional 36 rows can be found in the supplementary material. ..
Median -0.28 -0.09 -0.09 -0.29 -0.27 -0.00 -0.02 0.02 0.05
Median difference from GP 0 0.08 0.10 0.02 0.05 0.20 0.25 0.22 0.29
Mean -0.09 (0.19) -0.23 (0.39) -0.46 (0.69) 0.07 (0.19) 0.11 (0.19) 0.32 (0.22) 038 (0.24) 0.38 (0.22) 0.49 (0.23)
Mean difference from GP 0(0) -0.14 (0.31) -0.37 (0.63) 0.15 (0.08) 0.20 (0.08) 0.41 (0.15) 047 (0.17) 0.47 (0.13) 0.57 (0.15)
Average ranks 2.67 (0.35) 4.29 (0.37) 5.04 (0.45) 3.32 (0.36) 4.30 (0.36) 5.26 (0.34) 6.62 (0.32) 6.21 (0.32) 7.29 (0.33)
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(e) bike GP

(f) bike GP-GP

(g) bike LV-GP

(h) bike LV-GP-GP




Model architecture GP GP-GP GP-GP-GP LV-GP LV-GP-GP LV-GP-GP-GF
Importance weighted? - - - X v X v X v
dataset N D Test log likelihoods (standard errors)

solar 1066 10 -1.34 (0.07) -1.31 (0.08) -1.34 (0.08) 1.35 (0.05) 1.53 (0.04) 2.28 (0.13) 230 (0.05) 2.03 (0.30) 2.01 (0.23)
winered 1599 11 -1.14 (0.04) -1.15 (0.04) -1.15(0.05) -1.13 (0.04) -1.13 (0.04) 1.13 (0.23) 152 (0.17) 0.47 (0.42) 2.00 (D.18)
bike 17379 17 0.66 (0.02) 1.85(0.02) 2.36 (0.05) 1.29 (0.01) 1.35(0.01) 2.74 (0.06) 277 (0.04) 3.17 (0.08) 3.07 (0.10)
e ... an additional 36 rows can be found in the supplementary material. ..

Median -0.28 -0.09 -0.09 -0.29 -0.27 -0.00 -0.02 0.02 0.05
Median difference from GP 0 0.08 0.10 0.02 0.05 0.20 025 0.22 0.29

Mean -0.09 (0.19) -0.23 (0.39) -0.46 (0.69) 0.07 (0.19) 0.11 (0.19) 0.32 (0.22) 038 (0.24) 0.38 (0.22) 0.49 (0.23)
Mean difference from GP 0(0) -0.14 (0.31) -0.37 (0.63) 0.15 (0.08) 0.20 (0.08) 0.41 (0.15) 047 (0.17) 0.47 (0.13) 0.57 (0.15)
Average ranks 2.67 (0.35) 4.29 (0.37) 5.04 (0.45) 3.32 (0.36) 4.30 (0.36) 5.26 (0.34) 6.62 (0.32) 6.21 (0.32) 7.29 (0.33)




ELBO vs test log-likelihood
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summary:

® Deep GP gives a more useful prior than GP
® Need latent variables to get non-Gaussian marginals

® Variational inference appears to be eftective in the noise-
free case, and importance-weighted variational inference
in the latent variable case

® Real data supports the hypothesis that both depth and
latent variables are useful in practice



Further work:

® \We haven't broken into Deep Learning territory (yet)
® \Ve've been thinking about scalability the wrong way
® \\Ve need more parameters in our variational distribution

® \We need more specialised structures (e.g., convolutions)



Thanks for listening




Variational Inference
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Nalve importance weignting




Better iImportance weignhting
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